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CROSSED-PRODUCT C*-ALGEBRAS FOR
CONFORMAL AUTOMORPHISMS OF THE DISK
MAN-DUEN CHOI AND FRE´DE´RIC LATRE´MOLIE`RE
Abstract. We study the C*-algebra crossed-product of the closed
unit disk by the action of one of its conformal automorphisms.
After classifying the conformal automorphisms up to topological
conjugacy, we investigate, for each class, the irreducible represen-
tations of the full C*-crossed-products, and derive their spectrum
and a complete desciption of the algebras.
1. Introduction
We present in this paper a detailed description of the C*-crossed
product algebras associated to conformal discrete dynamical systems
of the closed unit disk D.
Given a compact Hausdorff space X and an homeomorphism ϕ onX ,
the C*-crossed product of C(X) by Z generated by the *-automorphism
f ∈ C(X) 7→ f ◦ϕ is the universal C*-algebra [18] [12] [15] generated by
C(X) and a unitary Uϕ such that for all f ∈ C(X) we have U∗ϕfUϕ = f◦
ϕ. We refer to Uϕ as the canonical unitary of C(X)⋊ϕZ. The universal
property means that for any C*-algebra A containing a unitary V and
a C*-algebra A such that there exists a *-homomorphism ρ : C(X) −→
A which satisfies ρ(U∗ϕfUϕ) = V ∗ρ(f)V for all f ∈ C(X), there exists a
(necessarily unique) *-homomorphism ψ : C(X)⋊ϕ Z −→ A such that
ψ restricts to ρ on C(X) and ψ(Uϕ) = V . A construction of this C*-
algebra can be found in [18] [12]. Given two compact separable spaces
X and Y and two homeomorphisms ϕ and ψ of X and Y respectively,
if ϕ and ψ are topologically conjugated in the sense that there exists
an homeomorphism γ from X onto Y such that γ ◦ ϕ ◦ γ−1 = ψ, then
by the universal property we have C(X)⋊ϕ Z =C(Y )⋊ψ Z. Thus, C*-
crossed-products are invariants of topological conjugacy, though they
are known not to be complete invariants.
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We study in this paper the case when X = D = {z ∈ C : |z| ≤ 1}
and ϕ is a conformal automorphism of D. The C*-algebra C(D) can be
represented as the C*-algebra C∗(Aϕ) for any normal element Aϕ on
some Hilbert space with σ(Aϕ) = D where σ(.) denotes the spectrum
of an operator. We denote the canonical unitary of C(D)⋊ϕ Z by Uϕ.
Thus, C(D)⋊ϕZ is the universal C*-algebra generated by a unitary Uϕ
and a normal element Aϕ such that σ(Aϕ) = D and U
∗
ϕAϕUϕ = ϕ(Aϕ).
Any pair (A,U) where A is a normal operator with σ(A) ⊆ D and
U a unitary operator on some Hilbert space with U∗AU = ϕ(A) will
be called a covariant pair for (C(D), ϕ,Z). Since σ(A) is a compact
subset of σ(Aϕ) = D, we define a *-epimorphism ρ from C (D) onto
C (σ(A)) by setting ρ(f(Aϕ)) = f(A) for any f ∈ C(D). We observe
that U∗f(A)U = f ◦ ϕ(A) = f (U∗ϕAϕUϕ), so by universality there
exists a unique *-epimorphism ψ : C(D) ⋊ϕ Z ։ C
∗(A,U) such that
ψ(Aϕ) = A and ψ(Uϕ) = U .
While C*-crossed products of minimal dynamical systems have re-
ceived a lot of attention, more general and natural situations have not
been studied as much. For crossed-product for action on the circle,
one can consult [5]. We offer in this paper to investigate a few con-
crete examples of non-proper, non-free, non-minimal dynamical sys-
tems. Some of our examples are of type I, and some general properties
of such crossed-products were derived in [16].
We start this paper with a complete classification of the conformal
automorphisms of D up to topological conjugacy. We split the group
MD of conformal automorphisms of D into the set of hyperbolic auto-
morphisms, which are all topologically conjugated with one another,
the set of parabolic automorphisms which are all conformally conju-
gated with each other, the set of elliptic automorphisms, each of which
is conjugated to a nontrivial rotation around the origin, and the iden-
tity map, which is a special case whose crossed-product is trivially
C(D)⋊Id Z = C(D× T).
We then study the full C*-crossed-product algebra for each confor-
mal automorphism. In each case, we provide a full description of its
Gelfan’d spectrum, with its Zarisky (or hull-kernel) topology. We then
describe all the irreducible representations, explicitly for the hyper-
bolic and parabolic cases, or based upon the representation theory of
the rotation algebras for the elliptic case. Last, we derive an explicit
description of each crossed-product in term of more elementary alge-
bras, exposing the topological content of the C*-crossed-product in
each case. We prove that:
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• For hyperbolic automorphisms, the crossed-product is isomor-
phic to

f ∈ C
(
R× [0, 1],
[ T K
K T
])
such that:
∀x ∈ R ∀y ∈ [0, 1]
{
f(x, y)− f(0, 0) ∈ K
U∗f(x, y)U = f(x+ 1, y)

 ,
where T is the Toeplitz algebra and K is the compact operator
algebra,
• For parabolic automorphisms, the crossed-product is isomor-
phic to C(U ′) + C1(D,K) where U ′ : t ∈ D 7→ U with U the
bilateral shift on l2 (Z) and K the compact operator algebras
acting on l2 (Z),
• For an elliptic automorphism conjugated to the rotation of angle
2piθ, the crossed-product is isomorphic to
{f ∈ C ([0, 1],Aθ) : f(0) ∈ C∗(U)} ,
where Aθ = C∗(U, V ) is the universal C*-algebra generated by
two unitaries U, V such that V U = e2ipiθUV .
In this paper, unless otherwise stated, the norm of a Banach space
E is denoted by ‖.‖E .
2. Classification of the conformal automorphisms of the
closed unit disk
The following well-known corollary of the Schwarz lemma can be
found in many textbooks in complex analysis (e.g. [9, Theorem 2.1
p.213]):
Proposition 2.1. Let ϕ be a conformal automorphism of the closed
unit disk D = {z ∈ C : |z| ≤ 1}. Then there exists z0 ∈ C and θ ∈ [0, 1)
such that |z0| < 1 and:
ϕ(z) = exp (2ipiθ)
z − z0
1− z0z
for all z ∈ D.
Moreover, ϕ(0) = 0 if and only if there exists θ ∈ [0, 1) such that for
all z ∈ D we have ϕ(z) = exp (2ipiθ) z.
We recall the following well-known definitions:
Definition 2.2. Let ψ be an homeomorphism of D. A point ω ∈ D
is attractive for the dynamical system (C(D), ψ,Z) when there exists
an open neighborhood Ω of ω in D such that for all y ∈ Ω we have:
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limn→∞ ψ
n(y) = ω. A point α is repulsive when there exists an open
neighborhood Ω of α in D such that limn→∞ ψ
−n(y) = α for all y ∈ Ω.
We now classify all the conformal automorphisms of D up to topolog-
ical conjugacy, since C*-crossed-products only depend on topological
conjugacy classes. As a first step, we identify the conformal conjugacy
classes of conformal automorphisms of D.
Theorem 2.3. Let ϕ ∈MD where MD is the group of conformal auto-
morphisms of D: thus ϕ : z ∈ D 7→ exp (2ipiθ) z−z0
1−z0z
for some θ ∈ [0, 1)
and z0 ∈ C such that |z0| < 1. Then:
(1) The following are equivalent:
• |z0| > |sin (piθ)|,
• ϕ has exactly two distinct fixed points in D,
• ϕ has exactly two fixed points on T,
• ϕ is conjugated in MD with z ∈ D 7→ z+a1+az for some unique
a ∈ (0, 1).
If these assertions hold, then ϕ is called hyperbolic and one
fixed point of ϕ is attractive, while the other one is repulsive. In
particular, z ∈ D 7→ z+a
1+az
for a ∈ (0, 1) admits 1 as attractive
fixed point and −1 as repulsive fixed point.
(2) The following are equivalent:
• |sin (piθ)| > |z0|,
• ϕ has exactly one fixed point α in D such that |α| < 1,
• ϕ is conjugated in MD to a rotation z ∈ D 7→ µz for some
unique µ ∈ T\{1}.
If these assertions hold, then ϕ is called elliptic.
(3) The following are equivalent:
• |sin (piθ)| = |z0| 6= 0,
• ϕ has exactly one fixed point α in D such that |α| = 1,
• if ϕ(−1) is on the upper half of T, then ϕ is conjugated
in MD with φ : z 7→ 3i−1i−3
z− 2i−1
i−3
1−−2i−1
−i−3
z
, where φ is the unique
conformal automorphism of D whose only fixed point is 1
and φ(−1) = i.
• If ϕ(−1) is on the lower half of T, then ϕ is conjugated
in MD with φ : z 7→ 3i+1i+3
z− 2i+1
i+3
1+ 2i−1
−i+3
z
, where φ is the unique
conformal automorphism of D whose only fixed point is 1
and φ(−1) = −i.
If these assertions hold, ϕ is called parabolic and its fixed
point is both attractive and repulsive.
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(4) Last, ϕ is the identity map if and only if it has more than two
fixed points, if and only if θ = 0 and z0 = 0, if and only if it
has two fixed points α, β with either |α| = 1, |β| < 1 or |α| <
1, |β| < 1.
Proof. The fixed points of ϕ are the solutions of z0z
2 + (e2ipiθ − 1)z −
e2ipiθz0 = 0. Thus, by a straightforward computation, the location of
the fixed points of ϕ 6= Id are determined by the sign of |z0|− |sin (piθ)|
as stated in the theorem (see appendix at the end for the calculation).
We now turn to the matter of proving that ϕ is, in each case, conju-
gated to a specific conformal automorphism. First, let us assume that ϕ
has two distinct fixed points α, β ∈ T. Assume first α, β 6∈ {−1, 1}. Let
ω be a square root of αβ and let γ = i−ωα
1−iωα
(observe that γ ∈]− 1, 1[).
We set ψ(z) = iω z+γω
1+γωz
for all z ∈ D. Then ψ ◦ϕ ◦ ψ−1 fixes −1 and 1.
Now, any conformal automorphism ϕ has −1 and 1 as fixed points
if and only if λ − 1 = 0 and z0/z0 = 1, namely z0 ∈ R and e2ipiθ = 1.
Up to conjugating ϕ by ψ′ : z 7→ −z we can assume z0 ≤ 0, so all
hyperbolic automorphisms of D are conjugated in MD to z 7→ z+z01+z0z
for some z0 ∈ (0, 1), which a simple calculation shows to be uniquely
determined by ϕ (see appendix at the end for the calculation).
If instead {α, β} 6⊂ T then ϕ has only one fixed point c ∈ {α, β}
in D. Then set ψ : z 7→ z−c
1−cz
∈ MD. The map R = ψ ◦ ϕ ◦ ψ−1 is a
conformal automorphism of D with R(0) = 0. Hence R is a rotation
by Theorem (2.1). Now, if ϕ ∈ MD conjugates z 7→ µz with z 7→ νz
for µ, ν ∈ T then ϕ(0) = 0 so ϕ : z 7→ ηz for η ∈ T and thus µ = ν.
Last, observe that when ϕ is parabolic with fixed point α then
rα−1 ◦ ϕ ◦ rα(1) = 1, where rα : z 7→ αz. Hence up to conformal
conjugacy, we may as well assume that ϕ admits 1 as its unique fixed
point. Let z0 with |z0| < 1 and λ ∈ T such that ϕ : z 7→ λ z−z01−z0z . Now
ϕ(1) = 1 if and only if 1 = 1−λ
2z0
, so if and only if ϕ : z 7→ λ z− 1−λ2
1− 1−λ
2
z
. Now,
if ϕ : z 7→ λ z− 1−λ2
1− 1−λ
2
z
for some λ ∈ T, then let ψ be the (unique) conformal
automorphism of D such that ψ(1) = 1, ψ(−1) = −1 and ψ(ϕ (−i)) = i
if ϕ(−i) is in the upper half plane, or ψ(ϕ(−1)) = −i otherwise. Then
φ = ψ◦ϕ◦ψ−1 is parabolic since it has a unique fixed point in T and we
have φ(1) = 1 and φ(−1) = i if ϕ(−1) is in the upper half plane, and
φ(−1) = −i otherwise. We deduce that φ : z 7→ 3i−1
i−3
z− 2i−1
i−3
1−−2i−1
−i−3
z
(if ϕ(−1)
is in the upper half-plane) or φ : z 7→ 3i+1
i+3
z− 2i+1
i+3
1+ 2i−1
−i+3
z
. This concludes our
proof. 
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Now, we have reduced the topological conjugacy classification prob-
lem to classifying the special automorphisms in Proposition (2.3):
Theorem 2.4. Let ϕ, ψ be two conformal automorphisms of D. Then:
• If ϕ and ψ are topologically conjugated and if ϕ is hyperbolic
(resp. parabolic, elliptic) then ψ is hyperbolic (resp. parabolic,
elliptic),
• If ϕ is elliptic then ϕ is topologically conjugated to a rotation
rθ : z ∈ D 7→ e2ipiθz for some θ ∈ (0, 1). Moreover, rθ and rθ′
are topologically conjugated if and only if θ ∈ {θ′,−θ′}.
• All parabolic automorphisms are topologically conjugated on D,
• All hyperbolic automorphisms are topologically conjugated on D.
Moreover, if ϕ : z 7→ z+a
1+az
for some a ∈ (0, 1) and if we set:
Dϕ = {z ∈ D : Re(z) ≥ 0, |1− z| ≥ 1− a}
then for any x ∈ D\ {−1, 1} there exists a unique y ∈ Dϕ such
that Oϕ(x) = Oϕ(y), where Oϕ(w) = {ϕn(w) : n ∈ Z} is the
orbit for ϕ of any w ∈ D.
Proof. It is well known that two rotations rλ : z 7→ λz and rµ : z 7→ µz
for λ, µ ∈ T are conjugated if and only if λ ∈ {µ, µ}: if λ = µ it is
trivial, if λ = µ then (rλ(z)) = rµ, so the condition is sufficient, and it
is necessary by [8, Theorem 11.2.7, p. 397]. Since the number of fixed
points is a topological invariant, and any homeomorphism of D maps
T to T, the two first statements of our theorem are proven.
By Theorem (2.3), if ϕ is parabolic then it is conformally, hence
topologically conjugated to either
φ+ : z 7→ 3i− 1
i− 3
z − 2i−1
i−3
1− −2i−1
−i−3
z
or φ− : z 7→ 3i+ 1
i+ 3
z − 2i+1
i+3
1 + 2i−1
−i+3
z
.
Yet, if ν : z 7→ z then ν−1 ◦ φ− ◦ ν = φ+, hence the third assertion of
our theorem.
By Proposition (2.3), any hyperbolic automorphism f is conformally,
hence topologically conjugated in D to an hyperbolic automorphism ϕ
with fixed points −1 and 1 where 1 is the attractive fixed point. It
suffices therefore to prove that any two hyperbolic automorphisms ϕ
and ψ of D with fixed points −1 and 1, where 1 is attractive, are
topologically conjugated. Therefore, let ϕ : z 7→ z+a
1+az
and ψ : z 7→ z+b
1+bz
for a, b ∈ (0, 1).
We define the region Dϕ as the closed subset of D contained between
the diameter Lϕ = {it : t ∈ [−1, 1]} and its image ϕ(L), which is the
circle of center ϕ (∞) = 1
a
and radius 1
a
− a. We denote by Dϕ the
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set Dϕ\ϕ(L) and we check easily that the orbit for ϕ of any point of
D\ {−1, 1} intersects Dϕ at exactly one point.
The region Dϕ is homeomorphic to the rectangle [0, 1]2. We choose
an homeomorphism µϕ : Dϕ → [0, 1]2 such that µϕ(it) = (t, 0) and
µϕ (ϕ(it)) = (t, 1) for all t ∈ [−1, 1].
Of course, we can as well construct an homeomorphism µψ : Dψ −→
[0, 1]2 such that µψ(it) = (t, 0) and µψ(ψ(it)) = (t, 1). Hence µ = µ
−1
ψ µϕ
is an homeomophism from Dϕ onto Dψ such that µ ◦ ϕ = ψ ◦ µ on the
set {it : t ∈ [−1, 1]}. By a trivial induction, we can extends µ to the
set D\ {−1, 1} and then set µ(−1) = −1 and µ(1) = 1, and this map
is easily checked to be an homeomorphism of D such that µ ◦ϕ = ψ ◦µ
on D (see appendix for a more explicit construction of an example of
µ). 
This achieves the classification, up to topological classification, of
all the conformal automorphisms of D. In particular, the description
of the dynamical system (C(D), ϕ,Z) is now easy. If ϕ is hyperbolic,
then (up to conformal conjugacy) one has −1 as a repulsive fixed point,
1 as attractive fixed point, and one can easily check that every orbit
besides {1} and {−1} for ϕ is infinite, discrete and supported on a circle
passing by the points −1 and 1. If ϕ is elliptic, then up to topological
equivalence ϕ is simply a rotation around the origin. If ϕ is parabolic,
it has a unique fixed point 1 (up to conformal conjugacy) which is both
attractive and repulsive, and its orbits besides {1} are infinite, discrete
and supported on circles tangent at 1 to the vertical line of equation
x = 1.
3. Hyperbolic Automorphisms
Let ϕ be a hyperbolic automorphism of D which fixes 1 and −1. By
Theorem (2.4), any hyperbolic automorphism ψ of D is topologically
conjugated to ϕ. Therefore, the C*-crossed-products C(D) ⋊ϕ Z and
C(D)⋊ψZ are *-isomorphic. This section describes the crossed-product
C(D)⋊ϕ Z.
The orbit space of ϕ restricted to D\ {−1, 1} is denoted C and, topo-
logically, is the cylinder [0, 1] × T. There is a one-to-one continuous
map Dϕ → C, whose inverse is not continuous (note that C is compact
while Dϕ is not).
3.1. Irreducible representations. We start with a full description of
the irreducible *-representations of the dynamical system (C(D), ϕ,Z).
We first establish a result on the representations of general discrete
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dynamics (C(D), ψ,Z). We will denote the orbit for ψ of any x ∈ D by
Oψ(x) = {ψz(x) : z ∈ Z}.
Lemma 3.1. Let ψ be any homeomorphism of the closed unit disk D.
Let pi be an irreducible representation of C(D) ⋊ψ Z on some Hilbert
space H. Then σ(pi(Aψ)) is a ψ-invariant compact subset of D. More-
over, for any ψ-invariant Borel subset E of σ(pi(Aψ)), the spectral pro-
jection of pi(Aψ) associated to E is either 0 or 1. Hence, if E is a
nonempty relatively open invariant subset of σ(Aψ) then σ(Aψ) = E.
Proof. Let Api = pi(Aψ) and Upi = pi(Uψ). We have U
∗
piApiUpi = ψ(Api),
so by the spectral mapping theorem [3, Theorem 8.11, p.289], σ(Api)
is a ψ-invariant set. Moreover, if we denote by χE the characteristic
function of any Borel subset E of σ(Api), then by the spectral theorem
we have:
U∗piχE(Api)Upi = χE (U
∗
piApiU) = χψ−1(E)(Api).
In particular, assume E is ψ-invariant. Then the spectral projection
χE(Api) of Api commutes with Upi (and with Api by definition), hence
since pi is irreducible we deduce that χE ∈ {0, 1}. If E is relatively
open in σ(Api) and nonempty, then χE(Api) > 0, so for any nonempty
relatively open ψ-invariant subset of σ(Api) we have χE(Api) = 1. In
this case, χE(Api) = 1, so χσ(Api)\E(Api) = 0. Yet σ(Api)\E is relatively
open in σ(Api), so by the spectral theorem σ(Api)\E = ∅. 
Theorem 3.2. Let ψ be an homeomorphism of the closed unit disk
D. Let pi be an irreducible *-representation of C(D)⋊ψ Z. Then there
exists x ∈ D such that the spectrum σ (pi(Aψ)) of pi(Aψ) is Oψ(x).
Proof. Let Api = pi(Aψ). For any subset E of σ(Api), we denote the set⋃
n∈Z
ψn (E) by Oψ(E).
Let (Ωn)n∈N be a countable basis of relatively open nonempty subsets
of σ (Api) for the topology of the second countable compact space σ(Api).
Let Θ be a relatively open, nonempty subset of σ(Api) and let n ∈ N.
By Lemma (3.1), we have σ(Api) = Oψ(Ωn), so Θ ∩ Oψ(Ωn) 6= ∅. Now
since σ(Api) is a compact Hausdorff space, there exists a nonempty
open set V such that V ⊆ Θ, and we can choose V ⊆ Oψ(Ωn) for
any choice of n ∈ N by Lemma (3.1). We can therefore construct by
induction a sequence (Vn)n∈N of relatively open nonempty subsets of
σ(Api) with V0 = Ω0 and such that for all n ∈ N we have Vn+1 ⊆ Vn
and Vn ⊆ Oψ(Ωn). Therefore, as σ(Api) is compact,
⋂
n∈N
Vn =
⋂
n∈N
Vn is
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nonempty and by construction
⋂
n∈N
Vn ⊆
⋂
n∈N
Oψ(Ωn). Let x ∈
⋂
n∈N
Vn:
then since x ∈
⋂
n∈N
Oψ(Ωn), we have Oψ(x) ∩Oψ(Ωn) 6= ∅ for all n ∈ N.
Therefore Oψ(x)∩Ωn 6= ∅. Thus, we have Oψ(x)∩Θ 6= ∅ since (Ωn)n∈N
is a basis for the topology of σ(Api). Hence Oψ(x) = σ(Api). 
A way to read Lemma (3.1) is to say that σ(pi(Aϕ)) is topologically
transitive for any irreducible representation pi. Theorem (3.2) holds in
greater generality, for any second countable Hausdorff compact space
instead of D, with essentially the same proof. We only consider the
case of the disk for our paper.
We now work with our hyperbolic automorphism ϕ of D. To fully
describe the image of C(D) ⋊ϕ Z by its irreducible representations,
we will find the following lemmas useful. We start by introducing
some terminology: we let Z = Z ∪ {−∞,∞}, and we let Z acts by
translation on Z. More precisely, let τ be the action of Z on Z defined
by τz(z
′) = z + z′, where z +∞ = ∞ and z −∞ = −∞ for all z ∈ Z
and z′ ∈ Z. We define:
Definition 3.3. Let H = l2 (Z) and let (en)n∈Z be the canonical Hilbert
basis of H. We define:
C0,0 (Z) =
{
(λn)n∈Z : lim
n→∞
λn = lim
n→−∞
λn = 0
}
,
C(Z) =
{
(λn)n∈Z : (λn)n∈N and (λ−n)n∈N converge
}
.
For any s = (λn)n∈Z ∈ C(Z), let Diag(s) be the unique bounded linear
operator on H such that Diag(s)(en) = λnen for all n ∈ Z. We set
D = Diag
(
C
(
Z
))
and D0,0 = Diag (C0,0 (Z)). Of course, D and D0,0
are C*-algebras, and Diag is a *-isomorphism between C(Z) and D and
between D0,0 and C0,0 (Z).
Definition 3.4. We define U on H = l2 (Z) by U (ξn)n∈N = (ξn−1)n∈N
for all ξ ∈ H. Namely, U is the bilateral shift unitary operator on H.
Definition 3.5. We endow Z with the topology of the Gelfan’d spectrum
of C
(
Z
)
(this is of course the usual topology on Z).
The next two lemmas describe the crossed-product C
(
Z
)
⋊τZ, which
can be seen as the crossed-product C(Oϕ(x))⋊ϕZ when x ∈ D\ {−1, 1}
and is therefore a fundamental building block of C(D)⋊ϕ Z. Let T be
the Toeplitz C*-algebra C∗(S) where S is the unilateral shift on l2 (N)
defined by S (x0, x1, . . .) = (0, x0, x1, . . .) for all (xn)n∈N ∈ l2 (N).
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Lemma 3.6. Let E = {UnD0,0 : n ∈ Z}. The C*-algebra C∗ (E) is
the C*-algebra of compact operators K and the C*-algebra C∗ (U,D)
equals
[ T K
K T
]
where H = H− ⊕H+ with H− = {en : n < 0}, H+ =
{en : n ≥ 0} and with the natural identification H+ = H− = l2 (N).
Moreover, if χ is defined by the exact sequence 0→ K → T χ→ C(T)→
0 and γ = χ⊕χ act on
[ T K
K T
]
, then γ(Diag(f)Un) = f(−∞)Z−n⊕
f(∞)Zn for all f ∈ C(Z), n ∈ Z and where Z : z ∈ T 7→ z.
Thus, A ∈
[ T K
K T
]
if and only if there exists f, g ∈ C(T) and a
compact operator k on H such that for any ξ+⊕ξ− ∈ H−⊕H+ we have
Aξ = (Tfξ+ + Tgξ−) + k (ξ+ + ξ−) where Tf and Tg are the Toeplitz
operators of symbols f and g.
Proof. By construction, D0,0 ⊂ K, so C∗ (E) ⊆ K as K is an ideal
in B (H). Let now P be any projection in B (H). Assume that P
commutes with C∗ (E). Then P commutes withD0,0 so P is diagonal in
the basis (en)n∈Z. If P 6∈ {0, 1} then there exists k ∈ Z such that Pek =
0 but Pek−1 = ek−1. Let Q be the projection on span {en : |n| ≤ k} ∈
D0,0. Now, by assumption UQP = PUQ yet UQPek−1 = ek but
PUek−1 = 0. This is a contradiction, so P ∈ {0, 1}. Hence C∗ (E) = K
since it is irreducible [1, Theorem 1.4.2, p. 18].
Write U =
[
U11 0
U21 U22
]
according to the decomposition l2 (Z) =
H−⊕H+. Now, U21 ∈ K as it is the rank one operator U21 = 〈., e−1〉 e0
(where 〈., .〉 is the inner product of H). With the obvious identifications
of H− and H+ with l
2 (N) it is immediate that U11 = S
∗ and U22 = S.
Now, let A be the projection on H+: by construction, A ∈ D and
AUA = U22 ∈ C∗(U,D). Similarly, U11 ∈ C∗(U,D), so T ⊕ T ⊆
C∗ (U,D). Since C∗ (E) ⊂ C∗ (U,D) we deduce that
[ T K
K T
]
⊆
C∗ (U,D) (observe that K is
[ K K
K K
]
in our decomposition of l2 (Z)).
On the other hand, by definition C∗ (U,D) is the smallest C*-algebra
containing U and D. Since U ∈
[ T K
K T
]
and D ⊂
[ T K
K T
]
we
deduce that
[ T K
K T
]
= C∗ (U,D). As a last remark, Let f ∈ C(Z).
Then Diag(f) = (1−A) Diag(f)⊕ADiag(f) and ADiag(f) = f(∞)1+
A (Diag(f)− f(∞)1) where now A (Diag(f)− f(∞)1) ∈ K. Similarly,
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(1 − A) Diag(f) = f(−∞)1 + (1 − A)(Diag(f) − f(−∞)1) and (1 −
A)(Diag(f)− f(−∞)1) ∈ K. Since γ(K) = {0} and γ is a *-morphism
with γ(U) = Z∗ ⊕ Z, we deduce that γ(Diag(f)Un) = f(−∞)Z−n ⊕
f(∞)Zn. 
Lemma 3.7. The C*-algebra C
(
Z
)
⋊τZ is *-isomorphic to
[ T K
K T
]
.
Proof. Since Z is τ–invariant, we have by [10, Proposition 2.8]:
0 −→ C0,0(Z)⋊τ Z −→ C
(
Z
)
⋊τ Z
γ′−→ C ({−∞,∞})⋊τ Z −→ 0.
Of course C ({−∞,∞})⋊τZ = C(T)⊕C(T) since both∞ and −∞ are
fixed point for τ . Moreover, the C*-algebra C0,0(Z)⋊τZ is *-isomorphic
to K [7, 8.4.3, p. 141] and is the C*-algebra C∗ (C0,0(Z)V n)n∈Z where
V is the canonical unitary in C
(
Z
)
⋊τ Z.
Let us now define a map from C
(
Z
)
⋊τ Z onto
[ T K
K T
]
as fol-
lows. Let U be the bilateral shift in
[ T K
K T
]
. We set ρ(V ) = U , and
for f ∈ C(Z) we set ρ(f) = Diag(f). By universality of the crossed-
product C
(
Z
)
⋊τ Z, we deduce that ρ extends into an epimorphism
from C
(
Z
)
⋊τ Z onto
[ T K
K T
]
, since by construction U∗Diag(f)U =
Diag(g) where g = f(. + 1). Moreover, ρ(fV n) = Diag(f)Un ∈ K
by construction, so ρ (C0,0(Z)⋊τ Z) = C
∗ ({UnD0,0 : n ∈ Z}) = K by
Lemma (3.6). Last, we observe that γ′(Diag(f)V n) = f(−∞)Zε1n ⊕
f(∞)Zε2n for all f ∈ C(Z), n ∈ Z, where Z : z ∈ T 7→ z and with
ε1, ε2 ∈ {−1, 1}. Up to a *-automorphism of C(T) ⊕ C(T) we may as
well choose ε1 = −1 and ε2 = 1. On the other hand, γ(ρ(Diag(f)V n)) =
f(−∞)Z−n ⊕ f(∞)Zn by construction of ρ and Lemma (3.6). Hence,
we have the following commuting diagram:
0 → C0(Z)⋊τ Z −→ C
(
Z
)
⋊τ Z −→ C(T)⊕ C(T) → 0
↓ ρ ↓ ρ ‖
0 → K −→
[ T K
K T
]
−→ C(T)⊕ C(T) → 0
where the top and bottom lines are exact. Now, since K is simple, ρ
in the first vertical arrow is injective, hence a *-isomorphism. The last
vertical arrow is just the identity of C(T)⊕C(T). We deduce that ρ in
the second vertical arrow is a *-isomorphism by the Short Five Lemma
[11, Lemma 3.1, p. 13]. 
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We now define two families of *-representations of C∗ (Uϕ, Aϕ), which
we shall then prove in Theorem (3.10) are the only ones up to unitary
equivalence:
Definition 3.8. For any ε ∈ {−1, 1} and any θ ∈ [0, 1) we define the
representation piθ,ε by piθ,ε(Aϕ) = ε and piθ,ε(Uϕ) = exp (2ipiθ).
For any x ∈ D\ {−1, 1}, we define the representation pix on l2 (Z) by
letting pix(Aϕ) = Diag
(
(ϕn(x))n∈Z
)
and pix(Uϕ) = U for all n ∈ Z.
We let IrrRep = {pix, piθ,ε : x ∈ D\ {−1, 1} , ε ∈ {−1, 1} , θ ∈ [0, 1)}.
We indeed check that for any x ∈ D\{−1, 1}, θ ∈ [0, 1) and ε ∈
{−1, 1}, if pi = pix or pi = piθ,ε then we have pi(U∗ϕ)pi(Aϕ)pi(Uϕ) =
ϕ(pi(Aϕ)), so pi extends to a *-representation of C
∗(Aϕ, Uϕ) by univer-
sality. Now:
Lemma 3.9. All the representations in IrrRep are irreducible. Let
x, y ∈ D\ {−1, 1} , ε, ε′ ∈ {−1, 1} and θ, θ′ ∈ [0, 1).
We have pix (C
∗ (Uϕ, Aϕ)) =
[ T K
K T
]
, and moreover pix is unitarily
equivalent to piy if and only if Oϕ(x) = Oϕ(y), and piθ,ε is unitarily
equivalent to piε′,θ′ if and only if (ε, θ) = (ε
′, θ′).
Proof. For all representation pi the spectra of pi(Aϕ) and pi(Uϕ) are in-
variant by unitary conjugation, it is also straightforward that no two
distinct elements of IrrRep are unitarily conjugated, and that if pix
and piy are conjugated for x, y ∈ D\{−1, 1} then Oϕ(x) = σ(pix(Aϕ))
equals to σ(piy(Aϕ)) = Oϕ(y), and so Oϕ(x) = Oϕ(x)\ {−1, 1} =
Oϕ(y)\ {−1, 1} = Oϕ(y). Conversely, if Oϕ(x) = Oϕ(y) then there ex-
ists n ∈ Z such that x = ϕn(y), so U∗npixUn = piy. The one-dimensional
representations piθ,ε, where θ ∈ [0, 1) and ε ∈ {−1, 1}, are obviously ir-
reducible. If x ∈ Dϕ then, by Lemma (3.6), we have pix (C∗ (Uϕ, Aϕ)) =[ T K
K T
]
, since C∗ (pix(Aϕ)) = D for all x ∈ D\ {−1, 1}. As in Lemma
(3.6), a projection P of H commutes with
[ T K
K T
]
if and only if
P ∈ {0, 1} so pix is irreducible. 
Theorem 3.10. Let ϕ be an hyperbolic conformal automorphism of
the closed unit disk D. Let pi be an irreducible representation for the
dynamical system (C(D), ϕ,Z). Then pi is unitarily equivalent to one
of the representations in IrrRep.
Proof. Let pi be an irreducible representation of (C(D), ϕ,Z) on some
Hilbert space H with inner product 〈., .〉. Let Api = pi(Aϕ) and Upi =
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pi(Uϕ). Then σ(Api) = Oϕ(x) for some x ∈ D by Theorem (3.2).
Now for our choice of automorphism ϕ, we observe that x ∈ Oϕ(x)
is always isolated in Oϕ(x). Hence x is an eigenvalue for Api. Let
ξx ∈ H be a normalized eigenvector for Api associated to x. Let M =
span {Unpi ξx : n ∈ Z}. By construction, M is a reducing subspace for
both Upi and Api. Since pi is irreducible,M ∈ {H, {0}}, yet since ξx 6= 0
we have M = H. Of course, ApiUnpi ξx = Unpiϕn(Api)ξx = ϕn(x)Unpi ξx; in
other words Unpi ξx is a normalized eigenvector for Api associated to the
eigenvalue ϕn(x).
If x ∈ {−1, 1} then ϕn(x) = x for all n ∈ Z. Hence Api = xI where I
is the identity of H. Therefore, C∗(Api, Upi) is an Abelian C*-algebra,
which is irreducible by assumption on pi. Hence it is one-dimensional
and pi = pix,θ where θ ∈ [0, 1) is given by Upiξx = exp(2ipiθ)ξx.
Now, if x 6∈ {−1, 1} then let us define the linear operator W :
l2 (Z)→M by setting W (en) = Unpi ξx for all n ∈ Z and where (en)n∈Z
is the canonical basis of l2 (Z). Then W ∗piW = pix by construction
(since W ∗piW (Aϕ) (en) = W
∗ApiU
n
pi ξx = ϕ
n(x)W ∗ξx = ϕ
n(x)en and
W ∗piW (Upi)(en) = W
∗UpiU
n
pi ξx =W
∗Un+1pi ξx = en+1). Now, W is a uni-
tary from l2 (Z) onto M since for all n,m ∈ Z we have ϕn(x) 6= ϕm(x)
for n 6= m, hence (Unpi ξx)n∈Z is an orthonormal family. Hence, pi is
unitarily equivalent to pix. 
3.2. The Spectrum. The spectrum ̂C(D)⋊ϕ Z of C(D)⋊ϕ Z can be
identified with the set IrrRep by Theorem (3.10). We now describe the
topology on ̂C(D)⋊ϕ Z. Since all the representations of ̂C(D)⋊ϕ Z are
of type I, the calculation of the spectrum could also use [17, Theorem
5.3].
We recall:
Proposition 3.11 ([4, Theorem VIII.2.1, p. 222]). Given any crossed
product A⋊fZ for some unital C*-algebra A and f any *-automorphism
of A, there exists a unique action α of the Lie group T on A⋊f Z which
satisfies αλ(Uf) = λUf and αλ(h) = h for all λ ∈ T, h ∈ A and where
Uf is the canonical unitary in A⋊f Z.
Definition 3.12. For any a ∈ A⋊f Z and n ∈ Z we set
Eαn(a) =
∫
T
αλ(aU
∗n
f )dµ(λ)
where µ is the Haar probability measure on T.
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Proposition 3.13 ([4, Theorem VIII.2.2, p. 223]). The map Eαn :
A⋊fZ −→ A is a surjection of norm 1 for all n ∈ Z, and moreover any
a ∈ A⋊f Z is the limit of
(
Σαk (a) =
∑k
n=−k
(
1− |n|
k+1
)
Eαn(a)U
n
)
k∈N
.
We identify the Gelfan’d spectrum ̂C(D)⋊ϕ Z of C(D) ⋊ϕ Z with
the set IrrRep by Theorem (3.10):
Definition 3.14. Let q : IrrRep −→ C ∪ (T× {−1, 1}), where C is the
orbit space of (C(D\ {−1, 1}), ϕ,Z), be defined by: q(pix) = Oϕ(x) ∈ C
and q (piθ,ε) =
(
e2ipiθ, ε
) ∈ T× {−1, 1}
Definition 3.15. We endow C ∪ (T× {−1, 1}) with the topology C
where a set F is closed if and only if it is either contained and closed
in T×{−1, 1}, or it is of the form F ′∪(T× {−1, 1}) where F ′ is closed
in C.
Theorem 3.16. Let ϕ be an hyperbolic automorphism of the closed unit
disk D. The map q is an homeomorphism of the spectrum ̂C(D)⋊ϕ Z
of the C*-crossed product C(D)⋊ϕ Z with (C ∪ (T× {−1, 1}) ,C).
Proof. We already know that ̂C(D)⋊ϕ Z is identified, as a set, with
IrrRep by Theorem (3.10). Since D\ {−1, 1} is an open ϕ-invariant set,
we have the exact sequence
0→ C(D\ {−1, 1})⋊ϕ Z→ C(D)⋊ϕ Z→ C ({−1, 1})⋊ϕ Z→ 0.
Let IrrRep1 be the subset of IrrRep consisting of the one-dimensional
representations piθ,ε (ε ∈ {−1, 1},θ ∈ [0, 1)), and let IrrRep∞ be the
subset of IrrRep consisting of the infinite dimensional representations
pix in IrrRep, where x ∈ D\{−1, 1}. Observe that
q
(
IrrRep
1
)
= T× {−1, 1} and q
(
IrrRep
∞
)
= C.
An irreducible *-representation pi is unitarily conjugated to some ele-
ment of IrrRep1 if and only if pi vanishes on the ideal C(D\ {−1, 1})⋊ϕ
Z. Let piθ,ε ∈ IrrRep1. Then the quotient representation of C({−1, 1}×
T) defined by piθ,ε is obviously f ∈ C({−1, 1} × T) 7→ f
(
ε, e2ipiθ
)
=
f ◦ q (piθ,ε). By [6, Proposition 3.2.1, p. 61], the map q is an homeo-
morphism onto the spectrum of C ({−1, 1})⋊ϕZ, and IrrRep1 is closed
in ̂C(D)⋊ϕ Z. Hence, a subset F of IrrRep1 is closed in
̂C(D)⋊ϕ Z if
and only if q(F ) is closed.
Let F be a nonempty closed set in ̂C(D)⋊ϕ Z. By [6, Proposition
3.1.2, p. 60], there exists a (nonempty) subset F of C(D) ⋊ϕ Z such
that F = {pi ∈ IrrRep : F ⊆ ker pi}. Assume that pix ∈ F for some
CROSSED-PRODUCTS FOR CONFORMAL AUTOMORPHISMS OF D 15
x ∈ Dϕ. The range of pix is
[ T K
K T
]
. We denote by χ the canonical
surjection of T onto T /K = C(T). Let P = 1⊕ 0 and Q = 1− P . For
any θ ∈ [0, 1) and any a ∈ C(D)⋊ϕ Z, we set:
χ1θ(a) = χ(Ppix(a)P )(e
2ipiθ) and χ−1θ (a) = χ(Qpix(a)Q)(e
2ipiθ).
Of course, χ1θ and χ
−1
θ are one dimensional *-representations of C(D)⋊ϕ
Z and so they are unitarily equivalent to, respectively, pi1,θ and pi−1,θ.
Hence if pix(a) = 0 then piθ,ε(a) = 0 for all θ ∈ [0, 1) and ε ∈ {−1, 1}.
Hence, for all a ∈ F we have pi′(a) = 0 for all pi for all pi′ ∈ IrrRep1.
Thus F contains IrrRep1. Now, let pi ∈ F ∩ IrrRep∞: by Theorem
(3.10), there exists x ∈ Dϕ such that pi = pix. We set:
E = {y ∈ D\ {−1, 1} : ∃n ∈ Z piϕn(y) ∈ F} .
Denote by α the canonical action of T on C(D)⋊ϕZ and β the canonical
action of T on C(Z) ⋊ϕ Z. We then have, for all λ ∈ T, that pix ◦
αλ = βλ ◦ pix (as can be checked on Aϕ and Uϕ and then extended to
C∗(Aϕ, Uϕ) since pix ◦α and β ◦ pix are *-morphisms). For all a ∈ F we
have piy(a) = 0, so E
α
n(a)(y) = piy(E
α
n(a)) =
∫
T
βλ ◦ piy(aU∗nϕ )dµ(λ) = 0
for all y ∈ E and for all n ∈ Z. Thus, if we set:
F ′ = {a ∈ A : ∀n ∈ Z ∀y ∈ E En(a)(y) = 0}
then {pi ∈ IrrRep : F ′ ⊆ ker pi} ⊆ F . Conversely, let a ∈ C(D) ⋊ϕ Z
such that Eαn(a)(y) = 0 for all y ∈ E , n ∈ Z. Then Σαk (a)(y) =
piy (Σ
α
k (a)) = 0 for all y ∈ E , k ∈ N, and thus piy(a) = 0 for all
y ∈ E as piy continuous and (Σαk (a))k∈N converges in norm to a. Hence
{pi ∈ IrrRep : F ′ ⊆ ker pi} = F . Now, let (ωk)k∈N be a sequence in C
such that ωk ∈ q(F ∩ IrrRep∞) for all k ∈ N and converging to ω ∈ C.
Let a ∈ F ′. Then for any n ∈ Z and any y ∈ ω we have Eαn(a)(y) = 0
by continuity. Hence, ω ∈ q(F ∩ IrrRep∞), so q(F ∩ IrrRep∞) is a
closed set in C. Therefore, q(F ) = T∪q(F ∩ IrrRep∞) is closed in C.
Conversely, let F be a set in ̂C(D)⋊ϕ Z such that F ∩ IrrRep∞ 6= ∅
and q(F ) is closed. Then T = q(F ∩ IrrRep∞) is closed in C. Let:
M = {a ∈ C(D)⋊ϕ Z : ∀n ∈ Z En(a)(T ) = {0}} .
Let pi ∈ IrrRep∞ such that pi(M) = {0} and let O = q(pi). Since Eα0
is a surjection, for any f ∈ C(C) such that f(T ) = {0} there exists
a ∈ M such that Eα0 (a) = f . Therefore, for all f ∈ C (C) such that
f(T ) = {0} we have f(O) = 0, so O ∈ T = T . Hence pi ∈ F . Hence,
F is closed in ̂C(D)⋊ϕ Z. 
16 MAN-DUEN CHOI AND FRE´DE´RIC LATRE´MOLIE`RE
A corollary of Theorem (3.16) is that the spectrum of the ideal
I = C(D\ {−1, 1}) ⋊ϕ Z is the set IrrRep∞ of infinite dimensional
representations in IrrRep, with the topology of C. Since all the repre-
sentations in IrrRep∞ acts on the same Hilbert space l
2 (Z), we deduce
moreover that I is a homogenous C*-algebra. Since I has continuous
trace, and since H3 (C,Z) = {0}, we deduce by [6, Corollary 10.9.6, p.
219] that I = C(C,K). Moreover, it is easy to generalize the part of
the proof of Theorem (3.16) concerning I to any C*-crossed product
C(X)⋊fZ where the action of Z on X is proper and free (so that Oϕ(x)
is homeomorphic to Z as a subset of X , for all x ∈ X): thus the spec-
trum of such crossed-products is simply the orbit space of the action
with its natural quotient topology. We will provide a self-contained
proof that I = C(C,K) in Proposition (3.22), which uses a similar but
simplified method compared to [6, Chapter 10].
Remark 3.17. Let x ∈ D\{−1, 1}. Then by [6, Proposition 3.2.1, p.
61],we deduce from the exact sequence:
0→ ker pix → C(D)⋊ϕ Zpix→
[ T K
K T
]
→ 0
that the spectrum of
[ T K
K T
]
is IrrRep1 ∪{pix}, topologized as a sub-
set of (IrrRep,C). This result can be proven directly by using the exact
sequence 0 → K →
[ T K
K T
]
→ C(T) ⊕ C(T) → 0 and a method
similar yet simpler than the one used in Theorem (3.16).
3.3. The Crossed-Product. The following C*-algebra is our candi-
date for the full crossed-product C*-algebra C(D)⋊ϕ Z:
Definition 3.18. We denote by A the C*-algebra:
 f ∈ C
(
D\ {−1, 1} ,
[ T K
K T
])
such that:
U∗fU = f ◦ ϕ and ∀t ∈ D\ {−1, 1} f(t)− f(0) ∈ K


where U is the bilateral unitary shift defined by U (ζn)n∈Z = (ζn−1)n∈Z
for all (ζn)n∈Z ∈ H = l2 (Z).
The norm on A is ‖.‖A = supt∈D\{−1,1} ‖.‖C(Z)⋊τZ, which is indeed a
norm (and then easily checked to be a C*-norm) thanks to the condition
U∗fU = f ◦ ϕ, and is well-defined since C(Z) ⋊τ Z =
[ T K
K T
]
by
Lemma (3.7).
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Remark 3.19. The C*-algebra A could alternatively be defined as the
set of f ∈ C
(
D\ {−1, 1} ,
[ T K
K T
])
such that U∗fU = f ◦ ϕ and
(χ⊕ χ) (f(t)) = (χ⊕ χ) (f(0))
for all t ∈ D\ {−1, 1} where χ : T → C(T) is the canonical projection
of the Toeplitz algebra on C(T) (i.e. the symbol map). This second
condition reflects the fact that ϕ admits two and only two distinct fixed
points on D.
Lemma 3.20. Let A′(t) = Diag
(
(ϕn(t))n∈Z
)
acting on H = l2 (Z) for
all t ∈ D\{−1, 1}. Then A′ is a continuous function from D\{−1, 1}
into the bounded operators on H. Let U ′ : t ∈ D\ {−1, 1} 7→ U where
U ∈
[ T K
K T
]
, as defined in Definition (3.4) and Definition (3.18), is
the bilateral shift on H. Then C∗(A′, U ′) = A.
Proof. By definition C∗(A′, U ′) ⊆ A: indeed, A′(t)−A′(0) = 0⊕ 0 and
U ′(t) − U ′(0) = 0 ⊕ 0 are independent of t ∈ D\ {−1, 1}. Moreover,
A ◦ ϕ = U∗A′U and U ′ ◦ ϕ = U ′ = U∗U ′U . Let us now prove the
converse inclusion.
Let (en)n∈Z be the canonical basis of l
2 (Z) and let En be the orthog-
onal projection in l2(Z) on Cen. Let C0 be the C*-algebra consisting of
the operators g(A′) for g ∈ C(D) such that g(−1) = g(1) = 0, and let
A0 = {f ∈ C (D\ {−1, 1} ,K) : U∗fU = f ◦ ϕ}.
First, we observe that C0 is the C*-subalgebra C′0 of A0 of the con-
tinuous functions on D\ {−1, 1} subject to the condition U∗fU = f ◦ϕ
and such that f(t) is diagonal in (en)n∈Z for all t ∈ D\ {−1, 1}. First,
by construction C0 ⊆ C′0. On the other hand, let f ∈ C′0. For each
t ∈ D\{−1, 1} we have f(t) ∈ C∗(A′(t)), so f(t) = gt(A′(t)) for some
continuous function gt ∈ C(Oϕ (t)) such that gt(1) = gt(−1) = 0 (as
f(t) is compact). Since f is continuous, we deduce that the func-
tion g : t ∈ D\ {−1, 1} 7→ gt(t) is also continuous, and moreover
it can be continuously extended to D by setting g(1) = g(−1) = 0.
Now, since U∗A′(t)U = A′ ◦ ϕ(t) for all t ∈ D\ {−1, 1}, it follows that
gt (ϕ(t)) = gϕ(t)(ϕ(t)). Hence:
g(A′(t)) = g
(
Diag (ϕn(t))n∈Z
)
= Diag
(
(g ◦ ϕn(t))n∈Z
)
= Diag
((
gϕn(t) (ϕ
n(t))
)
n∈Z
)
= Diag
(
(gt (ϕ
n(t)))n∈Z
)
= gt(A
′(t)) = f(t).
Hence, f ∈ C0, so indeed C0 = C′0.
18 MAN-DUEN CHOI AND FRE´DE´RIC LATRE´MOLIE`RE
Now, let f ∈ A0. We write f = f1 + f2 where f1 ∈ C0 such that
f1(iy) = f(iy) for all y ∈ [−1, 1]. Thus, f2 ∈ A0 and moreover,
f2 (iy) = 0 for all y ∈ [−1, 1]. Hence, since U∗f2U = f2 ◦ ϕ, we
also have f2 (ϕ(iy)) = 0. Thus, f2 ∈ {g ∈ A0 : g (L ∪ ϕ(L)) = {0}}
where L = {iy : y ∈ [−1, 1]}. But it is now immediate to check that
{g ∈ A0 : g (L ∪ ϕ(L)) = {0}} is *-isomorphic to the C*-subalgebra of
operators g ∈ C (Dϕ) ⊗ K such that g (L ∪ ϕ(L)) = {0}. Now, given
any function g ∈ C(Dϕ), we define g′ : t ∈ D\ {−1, 1} 7→ g([t])en(t)
where [t] and n(t) are the unique element in Dϕ and Z respectively
such that ϕn(t) ([t]) = t. Now, it is easy to check that g′ is continuous
on D\ {−1, 1} (as the only problems are at the boundary, on which g
is zero everywhere), and U∗g′U = g′ ◦ ϕ as well as g(t) ∈ K and is
diagonal in (en)n∈Z for all t ∈ D\ {−1, 1}. Hence g′ ∈ C0. From this
it is easy to check that {g ∈ A0 : g (L ∪ ϕ(L)) = {0}} ⊆ C∗ (C0, U ′) =
C∗(A′, U ′). Therefore, f2 ∈ C∗(A′, U ′). Hence f ∈ C∗(A′, U ′) and thus
A0 ⊆ C∗(A′, U ′).
Now, we conclude our theorem as follows. Let f ∈ A. There exists
g ∈ C∗(A′, U ′) such that g(0) = f(0) by Lemma (3.6), which proves
that both f(t) and g(t) lie in
[ T K
K T
]
for all t ∈ D\ {−1, 1}. Now,
f(t)−g(t) ∈ K so, by construction, f−g ∈ A0. Thus f−g ∈ C∗(A′, U ′).
This shows that f = (f − g) + g ∈ C∗(A′, U ′).
Hence as claimed, A = C∗(A′, U ′). 
Theorem 3.21. Let ϕ be a hyperbolic automorphism of the closed unit
disk D. Then C(D)⋊ϕ Z is *-isomorphic to:
A′ =


f ∈ C
(
R× [0, 1],
[ T K
K T
])
such that:
∀x ∈ R ∀y ∈ [0, 1]
{
f(x, y)− f(0, 0) ∈ K
U∗f(x, y)U = f(x+ 1, y)

 .
Proof. First we observe that σ(A′) = D and U ′∗A′U ′ = ϕ(A′). Hence,
there exists a unique *-epimorphism θ from C(D)⋊ϕZ onto C
∗(A′, U ′)
such that θ(Aϕ) = A
′ and θ(Uϕ) = U
′. Let a ∈ C(D) ⋊ϕ Z such that
θ(a) = 0. Let pi be an irreducible *-representation of C(D) ⋊ϕ Z. By
Theorem (3.10), up to unitary equivalence, pi ∈ IrrRep. Let x ∈ D
such that σ(pi (Aϕ)) = Oϕ(x). If x ∈ D\ {−1, 1} then pi acts on l2 (Z)
and extends: pi(Aϕ)f(z) = ϕ(x)
zf(z) and pi(Uϕ)f(z) = f(z − 1). We
set ρ to be the faithful *-representation of
[ T K
K T
]
on l2 (Z) given
in Lemma (3.6). Let pi′ : f ∈ A 7→ ρ(f(x)): by construction, pi′ is an
(irreducible) *-representation of C∗(A′, U ′).
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If x = {−1, 1} then pi acts on C by pi(Uϕ) = λ ∈ T and pi(Aϕ) =
x. If x = 1 then we set pi′ : f ∈ A 7→ ((0⊕ χ) f(t))(λ) (for any
t ∈ D\{−1, 1} since (0⊕ χ) (f(t)) is independent of t for f ∈ A by
construction). If x = −1 we set pi′ : f ∈ A 7→ ((χ⊕ 0) f(t)) (λ).
Whatever x ∈ D is, it is now easy to check that pi′ ◦ θ = pi, as this
equality is valid on the total set of monomials in Aϕ, Uϕ. Therefore,
pi(a) = pi′ ◦ θ(a) = 0. Since pi is arbitrary, we deduce a = 0. Hence θ is
also injective, hence θ is a *-isomorphism from C(D)⋊ϕ Z onto:
A =

 f ∈ C
(
D\ {−1, 1} ,
[ T K
K T
])
such that:
U∗fU = f ◦ ϕ and ∀t ∈ D\ {−1, 1} f(t)− f(0) ∈ K

 .
Now, in the proof of Theorem (2.4), we constructed an homeomorphism
µ from Dϕ onto [0, 1]2, which can be extended by induction to an
homeomorphism from D\ {−1, 1} onto R × [0, 1] in such a way that
µ−1 ◦ ϕ ◦ µ is simply the translation (x, y) ∈ R × [0, 1] 7→ (x + 1, y).
The map ψ : f ∈ A 7→ f ◦ µ ∈ A′ is obviously a *-isomorphism. 
Since the action of Z on D\ {−1, 1} by an hyperbolic automorphism
fixing {−1, 1} is proper and free, the ideal C(D\ {−1, 1}) ⋊ϕ Z of
C(D) ⋊ϕ Z is C(C,K), as can be derived from our work or the gen-
eral theory of such crossed-products (which are known to be field of
elementary C*-algebras over the orbit space, thus classified by their
Dixmier -Douady class, which lives in H3 (C,Z) = {0}, hence the field
is trivial). We offer here the proof of this last isomorphism as a corol-
lary of our work:
Proposition 3.22. Let ϕ be a hyperbolic automorphism of D. Then
C−1,1(D) ⋊ϕ Z = C(C,K) where C = [0, 1] × T and C−1,1(D) is the
C*-algebra of continuous functions on D such that f(−1) = f(1) = 0.
Proof. The C*-algebra C−1,1(D) ⋊ϕ Z is the kernel of the map η by
construction, so it is isomorphic to C (D\ {−1, 1} ,K : U∗fU = f ◦ ϕ).
There exists a selfadjoint operator H on l2 (Z) such that U = exp(iH).
Let Ut = exp(itH) for all t ∈ [0, 1]. Let h be an homeomorphism from
D\ {−1, 1} −→ R×[0, 1] such that hϕh−1 is just the translation by 1 on
R. For any f ∈ C(C,K) we define f˜ as follows: f˜(x) = U∗r f (e(r0), s)Ur
where h(r, s) = ω. Now, f˜ ∈ C (D\ {−1, 1} ,K : U∗fU = f ◦ ϕ). The
converse inclusion is shown similarly. 
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3.4. K-Theory, Projections and Unitaries.
3.4.1. K-theory for general actions on D. The whole K-theory of D
can be read from the following six-terms exact sequence [2, Theorem
9.3.1, p. 67]:
K0
(
◦
D
)
= Z −→ K0 (D) = Z −→ K0 (T) = Z
↑ ↓
K1 (T) = Z ←− K1 (D) ←− K1
(
◦
D
)
= 0
which follows from the exact sequence
0 −→ C
(
◦
D
)
−→ C (D) −→ C (T) −→ 0.
We conclude immediately that K0 (D) = Z and K1 (D) = 0. Yet, since
D is a contractible compact metric space, we immediately conclude that
K0 (D) = Z with generator [1]. From this, we can deduce the K-theory
of the crossed-product of ϕ on C (D):
Proposition 3.23. We have K0 (C(D)⋊ϕ Z) = Z, generated by the
class of the identity, and K1 (C(D)⋊ϕ Z) = Z generated by the canon-
ical unitary of C(D)⋊ϕ Z, for any homeomorphism ϕ of D.
Proof. The Pimsner-Voiculescu six-terms exact sequence [13],[2, Theo-
rem 10.2.1, p. 73] for this action is:
K0 (D) = Z
1−ϕ∗−→ K0 (D) = Z −→ K0 (C(D)⋊ϕ Z)
↑ ↓
K1 (C(D)⋊ϕ Z) ←− K1 (D) = 0 1−ϕ
∗←− K1 (D) = 0
and deduce the result immediately since (1− ϕ∗) [1] = 0. Note that
the K-groups do not depend on the homeomorphism ϕ of D. 
3.4.2. Another view of K-theory. Even though the only nontrivial class
in K0 (C(D)⋊ϕ Z) is always the one of the identity, there can be many
nontrivial projections in C(D) ⋊ϕ Z whose K0 classes vanish. This is
illustrated by our example, when ϕ is an hyperbolic automorphism:
Proposition 3.24. Let ϕ be a hyperbolic automorphism of D. The
projections of C(D)⋊ϕZ of K-class 0 are (in one-to-one correspondence
with) the projections in C(C,K). Any projection P of C(D) ⋊ϕ Z is
homotopic to Q or 1−Q for some compact–projection-valued continuous
function Q on D\ {−1, 1} such that U∗QU = Q ◦ ϕ.
The unitaries of C(D)⋊ϕZ are all homotopic to U
n for some n ∈ Z.
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Proof. By Proposition (3.22) we have the following exact sequence:
0 −→ C(C,K) −→ C(D)⋊ϕ Z −→ C (T)⊕ C (T) −→ 0
which implies that the following six-terms exact sequence holds:
K0 (C,K) = Z −→ K0 (C(D)⋊ϕ Z) = Z −→ Z2
↑ ↓
Z2 ←− K1 (C(D)⋊ϕ Z) = Z ←− K1 (C,K) = Z
.
By inspecting each arrow, we conclude that the image of K0 (C,K) can
only be {0} for the top row to be exact. Thus all compact projections
in C(D) ⋊ϕ Z have null K0-class. Since obviously 1 ∈ C(D) ⋊ϕ Z
has for image (1, 1) ∈ Z2, we conclude that there is no projections in
C(D)⋊ϕZ which maps to either 0⊕n or n⊕0 for any n 6= 0. Thus for
any projection P ∈ C(D)⋊ϕZ there exists a projection K ∈ C(D)⋊ϕZ
with K(t) compact for all t ∈ D\ {−1, 1} such that P is homotopic (in
the space of projections) to K or 1−K.
Similarly, the bottom row exactness imposes that K1 (C(D)⋊ϕ Z)
maps into a copy of Z in Z2 and since U has class (1,−1) (since the
image of U in C(T)⊕C(T) is by construction z 7→ z⊕ z), we conclude
that any unitary W in C(D)⋊ϕ Z which K1-class n ∈ Z is of the form
V +K where K ∈ C(D) ⋊ϕ Z is compact-valued (i.e. η(K) = 0) and
V is homotopic (in the unitary group) to Un. 
In particular, one observes that if A′ is the C*-algebra:{
f ∈ C
(
C,
[ T K
K T
])
: (χ⊕ χ) (f(t)− f(0)) = 0
}
then K0 (A′) = Z2, so Proposition (3.22) does not extend to C(D)⋊ϕZ.
4. Parabolic Automorphisms
Informally, a parabolic automorphism of the closed unit disk D is a
limit case for the hyperbolic automorphisms we studied in the previous
section. However, the situation turns out to be easier in the parabolic
case. Let ϕ be a parabolic automorphism of D which, by Theorem
(2.4), we can assume to fix 1.
First, as in the hyperbolic case, there exists a domain Dϕ such that
for all x ∈ D\ {1} there exists a unique y ∈ Dϕ such that Oϕ(x) =
Oϕ(y). For instance, one can choose Dϕ as the region between the
diameter passing by 1 and its image by ϕ, not including this image.
Second, observe that the orbit space of ϕ on D is the compact cone
S = {(t, tω) : t ∈ [0, 1], ω ∈ T}, which is homeomorphic to D.
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Definition 4.1. Let ϕ be a parabolic automorphism of D with fixed
point 1 (necessarily unique).
Let θ ∈ [0, 1). We define the *-representation piθ of C(D)⋊ϕ Z on C
by setting:
piθ(Aϕ) = 1 and piθ (Uϕ) = exp (2ipiθ) .
Let now x ∈ D\ {1}. Then we define the *-representation pix of
C(D)⋊ϕ Z on l
2 (Z, ) by setting:
pix(Aϕ)
(
(ξn)n∈Z
)
= (ϕn(x)ξn)n∈Z and pix (Uϕ)
(
(ξn)n∈Z
)
=
(
(ξn−1)n∈Z
)
for all (ξn)n∈Z ∈ l2 (Z).
We set IrrRep = {piθ, pix : θ ∈ [0, 1), x ∈ Dϕ}.
Theorem 4.2. Let ϕ be a parabolic conformal automorphism of D.
Then all the representations in IrrRep are irreducible *-representations,
and no two representations in IrrRep are unitarily equivalent. More-
over, let pi be an irreducible representation of C(D) ⋊ϕ Z. Then pi is
unitarily equivalent to a representation in IrrRep.
Proof. It is straightforward to check that IrrRep is indeed a set of rep-
resentations. If pi, pi′ ∈ IrrRep and pi 6= pi′ then σ(pi(Uϕ)) 6= σ(pi(U ′ϕ))
or σ(pi (Aϕ)) 6= σ (pi′ (Aϕ)) so either way pi and pi′ are not unitarily
conjugated.
Let pi be an irreducible representation of C(D)⋊ϕ Z. By Theo-
rem (3.2) and denoting pi(Aϕ) by Api, we have σ(Api) = Oϕ(x) for some
x ∈ D. The same proof as Theorem (3.10) now applies: x ∈ Oϕ(x)
is isolated in Oϕ(x) for ϕ parabolic, so there exists a vector ξx of
norm 1 such that Apiξx = xξx. By irreducibility of pi, it follows that
H = span {Unξn : n ∈ Z}. If x = 1 then H = C and then pi = piθ for
θ ∈ [0, 1). If x 6= 1 then (Unξn)n∈Z is orthonormal, and thus if we define
the operator W : l2 (Z) → M by linearity such that W (en) = Unξx
for all n ∈ Z, where (en)n∈Z is the canonical basis for l2 (Z), then
W ∗piW = pix. 
We now identify the range of the infinite dimensional irreducible
representations of C(D)⋊ϕ Z:
Lemma 4.3. Let x ∈ D\ {1}, and denote pix(Aϕ) by Ax and pix(Uϕ) by
U . Then C∗ (U,Ax) = C
∗(U)+K where K is the C*-algebra of compact
operators on l2 (Z).
Proof. Let x ∈ D\ {1}. Let B ∈ pix (C(D)⋊ϕ Z) = C∗ (Ax, U). Hence,
the operator B is the limit in norm of polynomials in Ax and U . Now,
Akx−1kI is a compact operator, so U∗n
(
Akx − 1kI
)
UnUm−n is a compact
operator. Hence C∗ (Ax, U) ⊆ K + C∗(U).
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Now, let C be a finite-rank operator on l2 (Z): then C =
∑n
k=−nCkU
k
where Ck are finite rank diagonal operators. Now, trivially Ck = fk(Ax)
for some continuous function fk on C(O(x)) such that fk(1) = 0.
Hence, C ∈ C∗(Ax, U) and thus K + C∗(U) = C∗ (Ax, U). 
Remark 4.4. It is easy to prove that C∗ (Ax, U) is the C*-crossed-
product C(Z ∪ {∞}) ⋊τ Z where τ(z) = z + 1 and τ(∞) = ∞, and
where Z ∪ {∞} is the one-point compactification of Z.
We now bundle all these irreducible representations together to form
the crossed-product C*-algebra:
Theorem 4.5. Let ϕ be a parabolic conformal automorphism of the
closed unit disk D with fixed point 1 ∈ T. Let H = l2 (Z) and let U
be the bilateral shift U (ξz)z∈Z = (ξz−1)z∈Z for all ξ ∈ H. We also
define, for all t ∈ D\ {1}, the operator Ax(ξz)z∈Z = (ϕz(x)ξz)z∈Z. Let
U ′ : t ∈ D\ {1} 7→ U and A′ : t ∈ D\ {1} 7→ At. Then C(D) ⋊ϕ Z is
*-isomorphic to the C*-algebra C∗(A′, U ′), or equivalently to the C*-
algebra:
A = C∗(U ′) + C1(D,K)
where C1(D,K) is the C*-algebra of K-valued continuous functions on
D vanishing at 1.
Proof. Since A′ = I + K = U ′U ′∗ + K where K ∈ C1(D,K), it is
obvious that C∗(A′, U ′) ⊆ C∗(U ′) + C1(D,K). We can proceed as in
Lemma (3.20) to prove that C∗(A′, U ′) = C∗(U ′) + C1(D,K): if f ∈
C∗(U ′)+C1(D,K) then f = g+h where g ∈ C∗(U ′) and h ∈ C1(D,K).
Now C1(D,K) = {h ∈ C(D) : h(1) = 0} ⊗ K. Yet, C∗(A′) is the C*-
algebra of continuous functions on D vanishing at 1 and valued in the
diagonal compact operators for the canonical basis of l2 (Z). Thus,
C1(D,K) ⊆ C∗(A′, U ′) trivially, and thus f ∈ C∗(A′, U ′) as desired.
Therefore A is generated by U ′ and A′ such that U ′∗A′U ′ = ϕ(A′)
and σ(A′) = D, thus there exists a *-epimorphism ψ : C(D)⋊ϕ Z։ A
such that ψ(Aϕ) = A
′ and ψ(Uϕ) = U
′. Now, let pi be an irreducible
*-representation of C(D)⋊ϕZ. Up to unitarily equivalence, pi ∈ IrrRep.
Let a ∈ C(D)⋊ϕ Z such that ψ(a) = 0. Assume first pi = piθ for some
θ ∈ [0, 1). Define pi′(U ′) = e2ipiθ and pi′(A′) = 1. Thus pi′ extends to
a *-representation of A and by construction, pi′ ◦ ψ = pi, so pi(a) = 0.
Assume now pi = pix for x ∈ D\ {1}, as defined in Lemma (4.3). Then
set pi′(Aϕ) = Ax and pi
′(Uϕ) = U . Again, we have pi(a) = pi
′ ◦ψ(a) = 0.
Hence ψ is injective, which concludes our proof. 
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We conclude this section with a description of ̂C(D)⋊ϕ Z. We work
out the spectrum from Theorem (4.5) rather than from pure represen-
tation theory considerations as in Theorem (3.16). Let D be the orbit
space of (C(D), ϕ,Z) with its natural quotient topology.
Theorem 4.6. Let ϕ be a parabolic automorphism of the closed unit
disk D. We define the map q : IrrRep 7−→ T ∪ D\{1} by setting:
q (piθ) = λ and q (pix) = x. We define on T ∪ D\{1} the topology C
where a subset F ⊆ T ∪ D\{1} is closed if and only if it is either
contained and closed in T, or it is of the form F ′∪T where F ′ is closed
in D\{1}. The spectrum ̂C(D)⋊ϕ Z of C(D)⋊ϕ Z is homeomorphic to
(T ∪ D\{1},C).
Proof. By Theorem (4.5), we have C(D) ⋊ϕ Z =C
∗(U ′) + C1(D,K).
For any f ∈ C(D) ⋊ϕ Z we write f = fU + fK where fU ∈ C∗(U ′)
and fK ∈ C1(D,K) are uniquely determined by this equation. Let
pi be an irreducible *-representation of C∗(U ′) + C1(D,K). Then pi
restricted to the ideal C1(D,K) is also irreducible, so it is either 0 or the
evaluation map at some x ∈ D\ {1}. In the first case, then pi is really an
irreducible representation of C∗(U), namely pi = piθ for some θ ∈ [0, 1),
and in the second case pi = pix. Now, we have: piθ(f) = fU(e
2ipiθ) and
pix(f) = fU + fK⌊O(x) where fK⌊O(x) is the restriction of fK to O(x).
Let F be a subset of ̂C(D)⋊ϕ Z. Let f ∈ ∩pi∈F ker pi. Suppose first
that there exists x ∈ D\ {1} such that pix ∈ F . Let y in the closure
of G = {O(x) ∈ D : pix ∈ F} for C. Then either y ∈ T or y ∈ G ∩ O.
Now, pix(f) = fU + fK⌊O(x) = 0, so fU = 0 and thus piy(f) = 0 for
all y ∈ T. On the other hand, since fK is continuous, fK⌊y = 0 if y
is the limit in D of elements in G. Thus, F is closed and contains
an infinite dimensional irreducible representation if and only if y ∈ G,
hence if and only if G is closed in C. On the other hand if F contains
only one dimensional representations, then F =
{
piθ : e
2ipiθ ∈ G} for
some G ⊆ T is closed if and only if G is closed. This concludes the
description of the topology on ̂C(D)⋊ϕ Z. 
5. Elliptic Automorphisms
The elliptic maps naturally give rise to slight generalization of the
rotation algebras. For any θ ∈ [0, 1] we denote by Aθ the universal C*-
algebra generated by two unitaries U and V such that V U = e2ipiθUV
[14]. We first observe that C(D) ⋊ϕ Z is by definition the universal
C*-algebra generated by one unitaries Uϕ and one normal element Aϕ
such that σ(Aϕ) = D and U
∗
ϕAϕUϕ = e
2ipiθAϕ.
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Proposition 5.1. Let θ ∈ [0, 1), and for any r ∈ [0, 1] we denote by Γr
the circle of center 0 and radius r. We let ξr be defined as the quotient
map:
C(D)⋊ϕ Z
ξr−→
{
C(Γr)⋊ϕ Z =Aθ if r > 0,
C(Γ0)⋊ϕ Z =C(T) if r = 0.
Then pi is an irreducible representation of C(D)⋊ϕ Z if and only if
either of the following holds:
• There exists r ∈]0, 1] and ρ an irreducible representation of Aθ
such that pi = ρ ◦ ξr,
• There exists ω ∈ T such that pi = νω ◦ ξ0, where νω(f) = f(ω)
for all f ∈ C(T).
Consequently, two representations ρ ◦ ξr and ρ′ ◦ ξr′ are unitarily
equivalent if and only if r = r′ and ρ and ρ′ are unitarily equivalent
representations of C(Γr)⋊ϕ Z.
Proof. Since ϕ(Γr) = Γr for all r ∈ [0, 1], the following exact sequence
holds:
0 −→ C(D\Γr)⋊ϕ Z −→ C(D)⋊ϕ Z ξr−→ C(Γr)⋊ Z −→ 0
so ξr if well-defined. Let pi be an irreducible *-representation of C(D)⋊ϕ
Z. Then by Theorem (3.2), there exists r ∈ [0, 1] such that σ(pi(Aϕ)) ⊆
Γr. If follows naturally that pi (C(D\Γr)⋊ϕ Z) = {0} and thus there
exists a *-representation ρ of C(Γr)⋊ Z such that pi = ρ ◦ ξr. Since pi
is irreducible, so is ρ. If r > 0 then C(Γr) ⋊ Z = Aθ, while if r = 0
then C(Γ0) ⋊ Z = C(T), and this concludes the necessary condition.
Now, the conditions are trivially sufficient, and the unitary conjugacy
classification follows immediately. 
We now provide the description of the crossed-product C*-algebra
for elliptic automorphisms, starting by the following lemma:
Lemma 5.2. Let A′ : t ∈ [0, 1] 7→ tV ∈ Aθ and U ′ : t ∈ [0, 1] 7→ U ∈
Aθ. Then C∗(A′, U ′) = {f ∈ C ([0, 1],Aθ) : f(0) ∈ C∗(U)}.
Proof. Let f ∈ C ([0, 1],Aθ) such that f(0) ∈ C∗(U). We write f =
f1 + f2 where f1 : t ∈ [0, 1] 7→ f(0) ∈ C∗(U). Obviously, f1 ∈
C∗(U ′). Now, f2 ∈ C0 ([0, 1]) ⊗ Aθ. Observe that t ∈ [0, 1] 7→ t2 =
A′∗A′(t) ∈ C∗(A′, U ′). By the Stone-Weierstrass theorem, we deduce
that C∗(A′∗A′) = C0 ([0, 1]). Let ε > 0 and m ∈ Z, and let δ > 0
such that g(t) ≤ ε for t ∈ [0, δ]. Let hδ ∈ C0 ([0, 1]) such that
hδ(t) = t
−m if t ≥ δ, while hδ(t) ≤ 1tm if t ∈ [0, δ] with hδ(0) = 0.
Then ‖g(t)V m − g(t)hδ(t)tmV m‖ = 0 if t ≥ δ and if t ∈ [0, δ] then
‖g(t)V m − g(t)hδ(t)tmV m‖ ≤ |g(t)| |1− hδ(t)tm| ≤ ε. Since hδ(t) ∈
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C∗(A′, U ′) and t 7→ tmV m = A′m we deduce that gV m ∈ C∗(A′, U ′)
since C∗(A′, U ′) is norm closed. Thus we deduce immediately that for
allk ∈ Z we have gV mUk ∈ C∗(A′, U ′), so C0 ([0, 1])⊗Aθ ⊆ C∗(A′, U ′),
hence f2 ∈ C∗(A′, U ′). Hence our lemma is proven. 
Theorem 5.3. Let θ ∈ [0, 1). Let ϕ : z ∈ D 7→ e2ipiθz where D is the
closed unit disk in C. Then C(D)⋊ϕ Z is *-isomorphic to:
{f ∈ C ([0, 1],Aθ) : f(0) ∈ C∗(U)}
where Aθ = C∗(U, V ) with U, V unitaries such that V U = e2ipiθUV .
Proof. Since D\ {0} is fixed by ϕ and C({0}) ⋊ϕ Z = C(T), we have
the following easy exact sequence:
0 −→ C (D\ {0})⋊ϕ Z −→ C(D)⋊ϕ Z −→ C({0})⋊ϕ Z −→ 0
LetBθ = {f ∈ C ([0, 1],Aθ) : f(0) ∈ C∗(U)}. For f ∈ Bθ and t ∈ [0, 1]
we set ζt(f) = f(t). We set A
′ : t ∈ [0, 1] 7→ tV and U ′ : t ∈ [0, 1] 7→
U in Bθ. Then we immediately see that U
′∗A′U ′ = ϕ(A′). Hence
there exists a unique *-morphism ψ from C(D)⋊ϕ Z into Bθ such that
ψ(Uϕ) = U
′ and ψ(Aϕ) = A
′. By Lemma (5.2), Bθ = C
∗(A′, U ′) so ψ
is a *-epimorphism onto Bθ.
Now, assume ψ(a) = 0 for some a ∈ C (D\ {0}) ⋊ϕ Z. Let pi be
a nonzero irreducible *-representation of C (D) ⋊ϕ Z on some Hilbert
space H. First, assume pi = ρ ◦ ξr for some ρ ∈ Âθ and some r ∈]0, 1].
We define pi′ = ρ ◦ ζt on Bθ and check that by construction pi = pi′ ◦ ψ
on the generators, hence on C (D) ⋊ϕ Z (as pi, pi
′ ◦ ψ *-morphisms).
Therefore, pi(a) = 0. Now, assume pi = νω ◦ ξ0 for some ω ∈ T.
Similarly, by setting pi′ = νω ◦ ζ0 we see that pi(a) = pi′ ◦ ψ(a) = 0. By
Proposition (5.1) we deduce that for all (irreducible) representation pi
of C (D)⋊ϕZ we have pi(a) = 0, so by definition ‖a‖C(D)⋊ϕZ = 0 and so
a = 0. Therefore, ψ is a *-isomorphism from C (D)⋊ϕ Z onto Bθ. 
In particular, if P ∈ C(D)⋊ϕ Z is a projection, then it is obviously
homotopic to either 0 or 1 (for all t, s ∈ [0, 1] set Q(s, t) = P (st)), so
we deduce immediately that K0(C(D)⋊ϕ Z) = Z. It is also immediate
that K1 (C(D)⋊ϕ Z) = Z is generated by t ∈ [0, 1] 7→ U , as any
unitary W ∈ C(D)⋊ϕ Z is homotopic to a unitary of C(T) by setting
W ′ : s, t ∈ [0, 1] =W (st) and K1 (C(T)) is generated by U . Of course,
these results confirm the more general facts of the previous section.
As in the case of hyperbolic automorphisms, some description of
the topology of ̂C(D)⋊ϕ Z is possible. To ease notations, we identify
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̂C(D)⋊ϕ Z andBθ, and for all t ∈ [0, 1] we have ζt = ξt. We first define
again a partition of ̂C(D)⋊ϕ Z:
Definition 5.4. Using the notations of Proposition (5.1), we define:
• IrrRep1 = {piω = νω ◦ ξ0 : ω ∈ T} and
• IrrRepc =
{
ρ ◦ ξr : ρ ∈ Âθ, r ∈]0, 1]
}
,
so that we have IrrRep1 ∪ IrrRepc = ̂C(D)⋊ϕ Z by Proposition (5.1).
We distinguish two cases: when θ is irrational, ̂C(D)⋊ϕ Z is not
Hausdorff, yet when θ ∈ Q then ̂C(D)⋊ϕ Z is a compact Hausdorff
space.
Proposition 5.5. Let θ be irrational and let ϕ be the rotation z 7→
exp (2ipiθ) z. Define the map q by ρ ◦ ξr ∈ IrrRepc 7→ (ρ, r) ∈ Âθ×]0, 1]
and piθ ∈ IrrRep1 7→ ω ∈ T and identify IrrRep with the spectrum of
C(D)⋊ϕ Z as a set.
Then q is an homeomorphism from ̂C(D)⋊ϕ Z onto T ∪
(
Âθ×]0, 1]
)
when T∪
(
Âθ×]0, 1]
)
is endowed with the topology where closed sets are
either of the form T∪
(
Âθ × F
)
or Y ∪
(
Âθ ×X
)
where F is relatively
closed in ]0, 1],the set X is compact in ]0, 1] and Y is closed in T.
Proof. Let F be a subset of ̂C(D)⋊ϕ Z. We set
(5.1) T =
{
r ∈]0, 1] : ∃ρ ∈ Âθ ρ ◦ ξr ∈ F
}
.
Let y be in the closure of T in [0, 1]. Now if f ∈ C(D) ⋊ϕ Z such
that pi(f) = 0 for all pi ∈ F ∩ IrrRepc, then f(T ) = {0}, as all the
representations of Aθ are faithful (as θ irrational so Aθ is simple),
therefore f(y) = 0 by continuity. In particular, if 0 is in the closure
of T then piω(f) = 0 for all ω ∈ T and thus IrrRep1 ⊆ F . Moreover,
since ρ ◦ ξy(f) = 0 for all f ∈
⋂
pi∈F
ker pi and for all ρ ∈ Âθ, if F
is closed then ρ ◦ ξy ∈ F for all ρ ∈ Âθ and thus y ∈ T , so T is
closed and F ∩ IrrRepc = T∩]0, 1] × Âθ. By [6, Proposition 3.2.1,
p. 61], the set IrrRep1 is closed and homeomorphic to T via the map
ω ∈ T 7→ piω ∈ IrrRep1, so if F is closed then F ∩ IrrRep1 is closed
as well, and so is Y in T. This proves the necessary conditions of our
Proposition (note that T is compact in ]0, 1] if and only if it is closed
in ]0, 1] and 0 is not in its closure in [0, 1]).
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We now turn to the sufficient condition. Let again F be a given set
in ̂C(D)⋊ϕ Z and assume that T , as defined in equation (5.1), is closed
in ]0, 1] and Y closed in T. Now, set:
M = {f ∈ C(D)⋊ϕ Z : f(T ) = {0} and f(0)(Y ) = {0}} .
Let f ∈ M. By construction, pi(M) = {0} for all pi ∈ F . Conversely,
let pi ∈ ̂C(D)⋊ϕ Z such that pi(M) = {0}. Now, if pi ∈ IrrRep1, then
let µ ∈ T such that pi = piµ. Then piµ(f) = f(0)(µ) = 0 for all
f(0) ∈ C(T) such that f(Y ) = {0}. Thus, µ ∈ Y = Y . Hence pi ∈ F .
Now, assume pi = ρ ◦ ξx for x ∈]0, 1]. Then pi(f) = 0 by construc-
tion. If τ is the canonical tracial trace of Aθ, then it is easily seen
that τ̂(f) : t 7→ τ(f(t)) is a continuous surjection from C0 (]0, 1],Aθ)
onto C0 (]0, 1]). Now, f ∈ M if and only if τ̂ (f)(t) = 0 for all t ∈ T .
Therefore, if τ̂(f)(x) = 0 for all f ∈M then x ∈ T∩]0, 1]. By assump-
tion,
{
ρ ∈ Âθ : ρ ◦ ξx ∈ F
}
= Âθ (we assumed it was nonempty), so it
follows that pi ∈ F . Hence F =
{
pi ∈ ̂C(D)⋊ϕ Z : pi(M) = {0}
}
, so F
is closed by [6, Proposition 3.1.2, p. 60]. This concludes our proof. 
Remark 5.6. The set T×]0, 1] is not in bijection with ̂C(D)⋊ϕ Z, as
Âθ has many elements, though its topology is the coarse topology.
Proposition 5.7. Let θ ∈ Q. Then the spectrum of C(D)⋊ϕZ is home-
omorphic to S = {(tα, β) : α, β ∈ T, t ∈ [0, 1]} with its usual topology.
Proof. Let θ = p
q
with p, q relatively prime, and ω = exp (2ipiθ). Let
Ξq = C(S,Mq(C)). For all (η, λ) ∈ S we set:
U ′(η, λ) = η


0 · · · 0 1
1
. . . 0
0
. . .
. . .
...
0 0 1 0

 , A′(η, λ) =


ω
ωλ
. . .
ωq−1λ

 .
Of course, U ′,A′ ∈ Ξq and U ′∗A′U ′ = ωA′ = ϕ(A′), and σ(A′) =
D. Therefore, there exists a *-epimorphism ρ from C(D) ⋊ϕ Z onto
C∗(A′, U ′) such that ρ(Aϕ) = A
′ and ρ(Uϕ) = U
′. Using the method
of the proof of Proposition (5.3), we see that ρ is also injective. Hence
̂C(D)⋊ϕ Z is homeomorphic to the spectrum of C
∗(A′, U ′). Note that
C∗(A′, U ′) is not Ξq since f ∈ C∗(A′, U ′) implies that f (η, ϕ(λ)) =
ωf(η, λ) for all (η, λ) ∈ S. Yet, it is easy to prove that ̂C∗(A′, U ′) =
S. Given ρ ∈ Âθ there exists (η, β) ∈ T2 such that ρ = piη,β where
piη,β(U) = U
′(η, β) and piη,β(V ) = A
′(η, β), so piη,β(Aϕ(t)) = A
′(η, tβ).
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Let us define ρη,tβ ∈ ̂C∗(A′, U ′) by ρη,tβ = piη,β ◦ ζt for all t ∈ [0, 1] and
(η, β) ∈ T2. We then see by 5.1 that ̂C∗(A′, U ′) = {ρx : x ∈ S} and the
map q : ρx 7→ x ∈ S is an obvious bijection. Now, let F be a subset of
̂C∗(A′, U ′) and let M =
⋂
pi∈F
ker pi. Let G = q(F ) and let f ∈M . Then
y ∈ G if and only if f(y) = 0 for all f ∈ M , and thus M ⊆ ker ρy.
Thus, if F is closed then ρy ∈ F so y ∈ G and thus G is closed; if G is
closed then y ∈ G so ρy ∈ F and F = {ρ : ρ(M) = {0}} so F is closed
by [6, Proposition 3.1.2, p.60]. Hence q is an homeomorphism. 
6. Appendix: Some calculations
We group in this appendix a few details about proofs of theorems in
the main text. We include them in this version of our paper for the
reader’s convenience.
Proposition 6.1. An automorphism ϕ : z ∈ D 7→ e2ipiθ z−z0
z−z0z
(|z0| < 1,
θ ∈ [0, 1)), ϕ 6= Id, is hyperbolic, elliptic or parabolic if and only if,
respectively, |sin (piθ)| < |z0|, |sin (piθ)| > |z0| or |sin (piθ)| = |z0|.
Proof. We recall from Theorem (2.3) that the fixed point of ϕ are the
roots of z0z
2 + (e2ipiθ − 1)z − e2ipiθz0. This polynomial is of degree 1
if and only if z0 = 0, and in this case ϕ is a rotation (hence elliptic,
unless θ = 0 and then ϕ = Id), and we have indeed |z0| < |sin (piθ)|
for ϕ 6= Id and z0 = 0. Otherwise, the discriminant of this trinomial
is ∆ =
(
e2ipiθ − 1)2 + 4λ |z0|2, while the modulus of the product of
the roots is
∣∣∣e2ipiθ z0z0
∣∣∣ = 1, hence either both fixed points (counting
multiplicity) are on T, or only one is in D, and then it lies in the
interior of D. Since e2ipiθ − 1 = 2i exp (ipiθ) (sin (piθ)), we have ∆ =
4 exp (2ipiθ)
(|z0|2 − sin2 (piθ)). Hence, ∆ = 0 if and only if |z0| =
|sin (piθ)|. Now, we denote 2√∆ for any square root of the complex ∆
and z± the fixed points of ϕ, so that
z±z0 =
(
1− e2ipiθ)± 2√∆
2
= eipiθ
(
i sin (piθ)± 2
√
|z0|2 − sin2 (piθ)
)
.
If |z0| > |sin (piθ)| then the roots ± 2
√
∆of ∆ are real and distinct, so
|z±|2 = |z0|−2 |z±z0|2 = |z0|−2
(
(sin (piθ))2 + |z0|2 − sin (piθ)2
)
= 1.
Hence, z± ∈ T and are distinct. If |z0| < |sin (piθ)| then |z0−1 (λ− 1)| =
2 |z0|−1 |sin (piθ)| > 2. Yet if both fixed points of ϕ are in T then the
modulus of their sum is bounded above by 2. Hence, ϕ has one interior
fixed point in D (and one outside of D). 
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Proposition 6.2. Let ϕ be a hyperbolic automorphism of D. Then
there exists a unique a ∈ (0, 1) such that ϕ is conformally conjugated
to z 7→ z+a
1+az
.
Proof. By Theorem (2.3), there exists such an a ∈ (0, 1). To prove
it is unique, we consider the following. Let ϕ : z 7→ z+x0
1+x0z
and ψ :
z 7→ z+y0
1+y0z
for x0, y0 ∈ (0, 1). Assume that there exists φ ∈ MD such
that φ ◦ ψ ◦ φ−1 = ϕ and define c ∈ D such that 0 = φ(c). Note that
|c| < 1. Now, φ ◦ ψ ◦ φ−1 = ϕ implies that φ ({−1, 1}) = {−1, 1}. If
φ(1) = 1 then φ = z 7→ z−c
1−cz
and thus φ commutes with ϕ, ψ and thus
ϕ = ψ. If φ(1) = −1, we check that φ = z 7→ λ z−c
1−cz
for some λ ∈ T.
Since φ(1) = −1 we conclude λ = 1−c
c−1
, and since φ(−1) = 1 we have
λ = −1+c
1+c
, so c = c and thus λ = −1. Note that we then have φ−1 = φ.
Since φ ◦ ψ ◦ φ = ϕ we must have ϕ(c) = φ(y0), hence c+x01+x0c = −
y0−c
1−cy0
,
so 0 = x0c
2 + cx0y0 − y0 − x0. This is equivalent to c ∈ {−1, 1} or
y0 = −x0, yet both are impossible by assumption. Hence x0 = y0. 
Proposition 6.3. Any two hyperbolic automorphisms of D are topo-
logically conjugated.
Proof. We let ϕ and ψ be two hyperbolic automorphisms with attrac-
tive fixed point 1 and repulsive fixed point −1, which is sufficient by
Theorem (2.3).
We define for all ∞ ≥ r ≥ 1 the circle Γr of radius r and passing by
the points −1 and 1 and such that Γr ∩ D is contained in the upper
half plane. We denote by Γ−r the symmetric of Γr with respect to the
real axis. Note that ϕ(Γεr) = ψ(Γεr) = Γεr for all ε ∈ {−1, 1} and
r ∈ [1,∞]. Let γixϕ be the arc of Γrix from ix to ϕ(ix) and let γixψ be the
arc of Γrix from ix to ψ(ix), where all the arcs we consider in this proof
are the ones contained in D. Let sϕ and sψ be the respective length of
γixϕ and γ
ix
ψ when Γrix inherits its metric from the usual metric on C.
Let ω ∈ γixϕ and let sω be the length of the arc of Γrix from ix to ω.
We set µ0(ω) to be the unique point in Γrix and the right half plane so
that the arc of Γr from ix to µ0(ω) has length
sω
sϕ
sψ. Then it is easy
to check that µ0(ω) ∈ γixψ and µ0 ◦ ϕ(ix) = ψ ◦ µ0(ix) by construction.
Now, let Dϕ = ∪x∈[−1,1]
(
γixϕ \ {ϕ(ix)}
)
. By construction, for all z ∈ D,
there exists a unique y ∈ Dϕ such that Oϕ(z) = Oϕ(y). With obvious
notations, we therefore have constructed a bijection µ0 : Dϕ → Dψ
which is continuous as well (it is obvious by construction on each arc
γixϕ . Some easy calculation shows that µ0 is in fact continuous on Dϕ).
Now, since our construction is symmetric in ϕ and ψ, we also obtain
a continuous bijection µ′0 : Dψ → Dϕ which also satisfies µ′0 ◦ µ0 =
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µ′0 ◦ µ0 = IdDϕ by symmetry. Hence µ0 is a homeomorphism from Dϕ
onto Dψ such that µ0 ◦ ϕ = ψ ◦ µ0 on i[−1, 1].
By induction, we now extend µ0 to a homeomorphism of D which
conjugates ϕ and ψ. For all n ∈ Z, we set Xϕn = ϕn
(Dϕ) and Xψn =
ψn
(Dψ), as well as Lϕn = ϕn (Lϕ0 ). Then we assume that for some
n ∈ N, we have constructed the homeomorphism µn from Xϕn onto
Xψn such that µn ◦ ϕ = ψ ◦ µn on Lϕn. We define µn+1 = ψ ◦ µn ◦ ϕ−1:
thus µn+1 is by construction an homeomorphism from X
ϕ
n+1 onto X
ψ
n+1.
Let x ∈ Lϕn+1. We then have µn+1(x) = ψ ◦ µn ◦ ϕ−1(x) = µn(x) by
our induction hypothesis. Hence µn and µn+1 agree on L
ϕ
n+1. Hence
µn+1 (ϕ(x)) = ψ (µn(x)) = ψ◦µn+1(x), hence our induction is complete
since we have already constructed µ0. The same construction yields µn
for all n ≤ 0 as well.
We now define the map µ by setting µ(x) = µn(x) for any x ∈
D\ {−1, 1} where n ∈ Z is defined by x ∈ Xϕn . Now, µ is well-defined
since if x ∈ Xϕn ∩Xϕn+1 = Lϕn+1 then µn+1(x) = µn(x) by the previous
induction. It is now immediate that µ is an homeomorphism from
D\ {−1, 1} onto itself. We also set µ(ε) = ε for ε ∈ {−1, 1}. We now
check that µ is also continuous at 1 and −1. By symmetry, it suffices
to prove continuity at 1. Let (xn)n∈N be a sequence in D with limit 1.
Let Ω be a neighborhood of 1 in D. Then there exists M ∈ N such
that ∪j≥MXψj ⊂ Ω. Now there exists N ∈ N such that xn ∈ ∪j≥MXϕj
for all n ≥ N . Hence µ(xn) ∈ ∪j≥MXψj ⊂ Ω for all n ≥ N and thus
limn→∞ µ(xn) = 1.
By symmetry of ϕ and ψ again, µ is a homeomorphism of D. Now,
let x ∈ D\{−1, 1} and let n ∈ Z such that x ∈ Xϕn . Then µ ◦ ϕ(x) =
µn+1 (ϕ(x)) = ψ (µn+1(x)) = ψ ◦ µ(x), hence µ conjugates ψ and ϕ (by
construction µ ◦ ϕ(ε) = ψ ◦ µ(ε) when ε ∈ {−1, 1}). 
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